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Introduction

One of the most well-known and widely applied models for pattern-
forming physical processes is the diffusion-limited aggregation (DLA)
model [7]. The myriad growth processes it models share the same un-
derlying mathematics, i.e. the growth rate at the interface is deter-
mined by the gradient of some field u, e.g. concentration for col-
loidal aggregation, temperature for solidification, and pressure for vis-
cous fingering in Hele-Shaw flow. The field satisfies the diffusion equa-
tion, which in steady state becomes the Laplace equation, ∇2u = 0.

(a) Manganese dendrites in
rocks. Image credit: G. R.
Rossman, CalTech.

(b) Electrodeposition with
copper sulfate solution. Image
credit: K. R. Johnson.

(c) A 100K-particle
DLA simulation.

This allows us to borrow techniques known in electrostatics for analysis. In
electrostatics, the gradient of the electric potential increases with curvature.
Analogously, protruding parts of a DLA cluster have higher probability
of aggregation; the instability leads to branching, creating complex fractal
structures. In the presence of surface tension, e.g. in Hele-Shaw flow, the
surface tension at the interface makes the resulting structures appear more
rounded.

Here we explore a diffusion-limited dis-
solution (DLD) model [3, 5] by flipping
the sign of growth. This provides a sim-
ple model for dissolution, erosion, or
melting. DLD has not been investigated
as thoroughly, since its stable dynamics
does not lead to fractals. However, there (d) Eroding clay sphere in flow [4].

remains a trove of interesting phenomena and unanswered questions to
explore. For example, the shape of a clay sphere being eroded by flowing
fluids is found to have self-similar, pointed features [4].

Continuum ADLD model

(e) Conformal map domain [6].

Rycroft and Bazant [6] developed a con-
tinuum model of advection-diffusion-limited
dissolution (ADLD). In this model, the po-
tential flow satisfies v = ∇φ; ∇2φ = 0.

A random walker concentra-
tion, c(x, t), is advected by the
potential flow, and it satisfies
Pe∇c · ∇φ = ∇2c, where Pe is
the Péclet number. The evolution
of the object boundary S(t) is
modeled by the normal velocity,
given by σ = −λn · ∇c, where
λ is a dimensionless constant. To
simplify the problem, the authors use
time-dependent conformal map

g(w, t) = a(t)w +

N∑
n=0

qn(t)w
−n

to map the object to the unit circle.

(f) ADLD examples [6], both start with
a(0) = 1, ellipse with q1 = 0.3 + 0.2i

and triangle with q2 = 0.35i. Flow
strength B = 0.7.

(g) Collapse point and other roots.
The black line is the object bound-
ary; the dashed line is the contours
of |P (z)| [6].

By further simplifying the problem using
asymptotic expansions in small Péclet num-
ber regime, the boundary can be tracked by a
system of ODEs

Re(wg′ġ) = −1 +Ba(t) cos(θ)

where B is the flow strength. Besides
demonstrating the complex dynamics of ob-
ject boundary during dissolution, the study
reveals the surprising result of the collapse
point, i.e. where the object vanishes. The
collapse point is a root of a non-analytic
function given by B, a(0), qn(0).

Discrete DLD numerical method

(h) A circular initial cluster.

Basic DLD steps:
• Create initial cluster on lattice;
• introduce off-lattice particle from far away, one at

a time, and let it diffuse freely;
• random walker reaches the cluster, annihilates

contacted particle;
• repeat until only one particle left.

Conformal Mapping & First-Passage
• Remapping far-away walker: we use conformal map from unit circle to

straight line

f (z) =
az + b

cz + d
, ad 6= bc

and a first-passage problem calculation, to remap far-away walkers back
to bounding circle.

(i) Using a simple circle around the ran-
dom walker leads to a point contact
with the nearest neighbor. The con-
tact probability is infinitesimal. Here,
contact probability is finite because it
is integrated over the arc on the nearest
neighbor. However, if random walker
goes to the larger arc, more steps are
required to reach the cluster.

• Precise contact probability:

1. Use conformal map from unit circle to
an eclipsed circle around the random
walker. The shape is constructed by
drawing an arc with radius equal the dis-
tance to the second nearest neighbor, the
use an arc of the nearest neighbor to
complete the boundary. The conformal
map is

f (z) =
A(z − 1)α +B(z + 1)α

C(z − 1)α +D(z + 1)α
;

where A = −B = r sin θ(eiθ + 1); C =

eiθ + 1; D = e−iθ + 1; α = π−θ−φ
π .

2. For the first-passage PDF, solve Laplace
equation with point charge and absorb-
ing boundary at the real axis. Using im-
age method, the PDF is obtained:

P (x) =
y0

π(x2 + y20)
Computational efficiency
• Use quad-tree to search for nearest neighbor(s);
• Implement OpenMPI and OpenMP to simulate many clusters in parallel;
• 22,000 to 25,000 particles per second per thread in dissolution on Xeon

E5-2650L; easily modified to simulate DLA, reaching 2 million particles
in 130 seconds.

Results
Collapse point of various shapes

We numerically obtained
PDFs of collapse point for
various shape; averaged over
1000 stochastic realizations .
The covariance is reported for
circles of various radii. For
other shapes, the conformal
maps start with a = 1, ellipse
with q1 = 0.3 + 0.2i, triangle

Radius Var(x) Var (y) Covar
100 0.627 0.565 0.011
200 0. 604 0.640 0.0006
300 0.651 0.618 -0.0031
400 0.617 0.627 0.0060
500 0.605 0.562 -0.0230
600 0.594 0.617 -0.0351

Table 1: Covariance of collapse point in circles.

with withq2 = −0.35, diamond with q3 = 0.25, and corrugated circle with
q15 = 0.03. These coefficients are scaled by a constant r = 200 to enlarge
the cluster.

(j) Collapse point covariance of various shapes.

Surface roughness

We measure the asymptotic roughness of
curved interface by simulate DLD on tilted
substrate with periodic boundary condition.
We define roughness by width of the interfa-
cial mass density distribution, measured by
constructing square voronoi cells for each
particle. Interfacial roughness dependence
on substrate orientation is shown below. The
asymptotic width is obtained after L×L par-
ticles dissolved [3], L ≡ system size.

(k) Substrate tilt θ ≈ 19.65 ◦. Blue
region is the real particle, orange
region is the image from periodic
boundary condition.

Each data point is averaged over 15,000 stochastic realizations.
Inserts show sample substrate orientations for the data point.

(l) Substrate orientation effect on interface roughness.

Discussion

In discrete simulations, we observe similar intermediate boundary dynam-
ics as in the continuum ADLD model. In particular, circles and ellipses
retain their shape while dissolving, whereas shapes with higher modes lose
their sharp features rapidly.

From the collapse point distribution, it appears that the spread of the
distribution is not strongly correlated with the initial cluster size. In the
case of an ellipse, we observe a difference in variance between x− and
y− directions, which we suspect is because its shape is stable throughout
dissolution. More thorough examination is needed to draw further conclu-
sions.

Forthcoming research

Theoretical

• Derive an expression for collapse point distribution by looking at the
asymptotics of interfacial roughness in the limit of zero system size;

• Add analytical roughness dynamics to the ADLD boundary evolution.

Numerical
• Characterize errorbars on the collapse

point data;
• Obtain transient behavior of the interfacial

roughness on tilted substrate;
• Refine fractal dimension of off-lattice

DLA clusters
• Explore structures of mixed DLA and

DLD processes, by designing effective
sampling procedure of non-collapsing
clusters.

(m) A mixed DLA and DLD
cluster.

• Model viscous fingering instability in various regimes of surface ten-
sion. The numerical methods needed to simulate fluid/solid interaction
are currently under development.

(n) Various types of fingering instability in Hele-Shaw flow [1].
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