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Introduction
Fluid-structure interaction (FSI)
problems are challenging to sim-
ulate due to their nonlinear,
multi-physics nature, (e.g. Fig.
1). In particular, it is diffi-
cult to reconcile the dilemma of
choosing a discretization frame-
work. Solid simulations are typi-
cally computed in a Lagrangian
framework, whereas fluid dy-
namics are more conveniently
done from the Eulerian perspec-
tive.

Figure 1: Fluid is injected into a monolayer of soft
particles, creating a center cavity and particle rear-
rangements. After the pump is turned off, the cen-
ter cavity relaxes, but granular rearrangements remain
(MacMinn et al, 2015).

(a) Solid stress stems from
total deformation, finite el-
ement methods on a La-
grangian mesh are common.
Image: glvis.org.

(b) Fluid stress stems from de-
formation rate, finite difference
and finite volume methods on a
fixed mesh are common. Image:
NASA/Ames.

Methods such as Arbitrary
Lagrangian-Eulerian and Im-
mersed Boundary methods
are proposed to address this
challenge, but they require
extra computations to bridge
the discretization from differ-
ent perspectives.

Here, we present a fully Eulerian method, the reference map technique (RMT), as
well as a 3D implementation of it, which is developed with distributed memory paral-
lelism, specialized data structures and methods to ensure efficiency. For instance, a
new least squares regression based extrapolation algorithm is developed to address
challenges of field extrapolation in 3D.

Large deformation solid mechanics
Defined a time dependent motion function χ that
maps points X in the reference state to their posi-
tions, x, in the current state, i.e. x = χ(X, t). The
reference map ξ(x, t) is defined as the inverse
motion, i.e. ξ(x, t) = χ−1(x, t).

The deformation gradient can be defined as F = ∂x
∂X = (∇xξ)−1, where ∇x is taken

in the current state coordinates. Solid stress σs can be computed from F. The
time evolution equation for the reference map can be written as

∂ξ

∂t
+ (u · ∇)ξ = 0 (1)

This is because if we follow a tracer particle through time, its position in the
reference state does not change, hence its material derivative must vanish.

Fluid-structure coupling
We define the interface between fluid and solid by a
level-set function φ(ξ(x, t)), and define a thin layer of
transition zone on either sides of the interface (Fig. 2).
The solid and fluid volume fractions in the transition
zone, Ωs(φ), Ωf (φ), are computed with smoothed Heav-
iside function and used in blending the fluid and the solid

Figure 2: Transition
zone on the interface.

Cauchy stress tensors into a total mixed stress tensor, i.e.

σ = Ωs(φ)σf + Ωf (φ)σs

For incompressible fluid and solids, we can rewrite the momentum balance equa-
tion as

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p +∇ · σ + f (2)

where u is the global velocity, ρ is the phase dependent density, p is pressure, f is
body force, and σ is the deviatoric part of the stress tensor. We also require

∇ · u = 0 (3)

Equations 1, 2, and 3 are the governing equations of the coupled incompressible
fluid-structure system.

Field extrapolation
In stress calculations, finite difference operations are taken on ξ(x, t) across the

interface. However, ξ(x, t) is only defined and evolved for-
ward within the solid (Fig. 2). Hence, we need to extrapolate
ξ(x, t) to outside the solid. The commonly used PDE-based
extrapolation methods (e.g. Aslam 2003) are computationally
expensive; methods such as Fast Marching are not well suited
for distributed memory parallelism. Instead, we use linear re-
gression based extrapolation to calculate ξ(x, t) in layers. As
shown in Fig. 3, to extrapolate a value in an outer layer, we
use values in the inner layers to create a best fit linear model.

Figure 3: Extrapola-
tions in layers.

We found that linear regression applied to a convex front when there is oscillation
in data can lead to unexpected, detrimental results. The level-set function evalu-
ated on these extrapolated values may become smaller the farther we move from
the interface, losing its distance function property (Fig. 4).

Figure 4: Extrapolate the same initial values, except at the center cell. By adding a cell,
the front on the left becomes convex, the extrapolated values in outer layers change sign.

By adding a weighting scheme to the linear regression that favors the orthogonal
neighbors, we can avoid the issue above. Figure 5 shows an example of weighting
scheme used in the simulations in the results section.

Figure 5: Example of a weighting scheme that favors orthogonal cells, used in weighted
least squares linear regression.

3D simulation examples
In addition to the numerics mentioned before, we use

• An upwinding scheme to compute advective derivatives

• A projection method to enforce incompressibility

• A custom multigrid solver to solve the resulting Poisson problem

Below, we show snapshots from simulation movies to demonstrate the 3D imple-
mentation of the RMT. Non-dimensionalized units are used.

(a) A pre-deformed sphere relaxes to equilibrium. Fluid viscosity µ = 0.01, solid shear modulus
G = 4, fluid and solid densities are equal, ρf /s = 1.

(b) An elastic sphere sediments under gravity. Fluid viscosity µ = 0.002, solid shear modulus
G = 5, fluid and solid density ratio is ρf /ρs = 1/2.

(c) Flow deforms an anchored elastic rod. Fluid viscosity µ = 0.002, solid shear modulus G = 5,
fluid and solid density are equal, ρf /s = 1.

Figure 6: Examples of using RMT in an explicit scheme to simulate incompressible FSI in
3D. Small particles in the domain are passive tracers for fluid visualization. Full simulation
movies are available upon request.

Summary
The reference map technique provides a simple, fast, and flexible framework for
simulating many FSI problems. The method, being on a fixed mesh, has sev-
eral advantages including in computation time and representations of multi-scale
and multi-physics problems. While the method is rooted in large deformation me-
chanics, it can be adapted for stiff solids and rigid bodies. More complex features
can be added without many algorithmic changes. The method and its 3D imple-
mentation allows us to explore a wide range of applications, such as modeling
bio-locomotion and phenomena in soft condensed matter physics.
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