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1 Introduction

From the spots on a leopard to the arrangement of petals in flowers, to the stripes on seashells,
patterns pervade the natural world, and for this reason, have been the subject of scientific work
for centuries. Records indicate that early philosophers ranging from Theophrastus and Pliny the
Elder, to the Renaissance thinkers Da Vinci and Kepler, spent time contemplating patterns and
their formation [1]. It was in 1952 that the exploration of patterns using reaction-diffusion (RD)
equations entered the mathematical realm with Turing’s The Chemical Basis of Morphogenesis, in which
he argued that the competition between diffusive and nonlinear autocatalytic processes resulted in
symmetry breaking, giving rise to complex biological patterns. Mienhardt and Gierer demonstrated
that the emergent Turing patterns are in fact induced and maintained by short range activation,
driving the system away from equilibrium, and long range inhibition, driving the system back
toward equilibrium. Inspired by this work, scientists and chemists set out to find examples of
systems displaying the properties of the RD equations. In the 1970s, Murray showed that the relative
concentrations of eumelanin and phaeomelanin produce different coloring patterns in animal hair.
In the 1980s, DeKepper showed stripes and dots in a RD mixture of chlorite and iodide [2]. Still,
other scientists have explored RD equations and pattern formation in phyllotaxis, the study of
the arrangement of leaves in plants. In this project, we focus on yet another application of these
equations — pattern formation on the shells of mollusks.

As mollusks grow, they increase the size of their dwellings by adding new material to the edge
of the shell, incorporating pigments in this process. Therefore, shells generated in this way serve as
an excellent time record of a one dimensional pattern. Some species of mollusks make their pattern
by covering parts of their shell with their body, then imprinting the skin patterns onto the shell,
thus leaving a snap-shot of a two dimensional pattern. Shells from the same species sometimes
show a wide range of patterns, while shells from different species sometimes show strikingly similar
patterns [3], suggesting that these patterns may be generated by similar underlying processes (Fig.
1). Using Meinhardt and Gierer’s formulation of coupled, nonlinear reaction-diffusion equations [4],
many patterns, not only pigmented, but also relief-like ones, can be reproduced. There are a myriad
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of possibilities for patterns, but it is crucial to first understand the two most basic patterns, lines
perpendicular and parallel to the growing edge.

Consider an array of cells in the mantle of a mollusk; each is capable of communicating with its
neighbor by diffusing chemical signals and accreting shell material with some amount of pigment.
Lines perpendicular to the growing edge imply that some cells in this array always accrete pigmented
material, while cells in between only accrete material with much lower levels of pigment. If a cell’s
pigment production is controlled by the level of an activating chemical, this pattern implies that the
activator chemical forms a ”standing wave” spatially, and is stable through time. Temporal stability
of a spatial pattern is common and very important in biological structure formation. For example,
structures such as leaves, hair follicles, and even limbs and digits are spaced regularly. The other
basic pattern, lines parallel to the growing edge, requires all the cells to be active or dominant at the
same time. The activator chemical thus forms a ”traveling wave,” an oscillation in time. These two
fundamental patterns are the of focus of our project.

Our goals are to accurately simulate the reaction-diffusion equations for both activator-substrate
and activator-inhibitor models and from these simulations determine in which parameter regimes
which types of patterns form and whether these patterns are robust to varying initial conditions,
domain shapes, and stochasticity in the parameters. First we compare three different numerical
methods for simulating the reaction-diffusion equations, comparing the results and accuracy of each
method (Section 2). In Section 3, we numerically define patterns and develop a method for detecting
their emergence. Using this method, we can then explore the effects of varying different parameters
on the resulting development of patterns (Section 4), determining conditions on the parameter space
where patterns occur. We also use this method to compare the resulting patterns for different initial
conditions (Section 5) and differently shaped domains (Section 6). Finally, we consider the effects
of stochasticity in the parameters in either time or space (Section 7) to determine the robustness of
these patterns to stochastic fluctuations.

2 Numerical Methods

RD equations model the interaction between autocatalytic and inhibitory processes, via positive
and negative feedback. A key feature in these equations is the nonlinear growth in the autocalytic
process. Two common models are the activator-substrate and the activator-inhibitor models [5],
where a high concentration of the activator is assumed to trigger pigmentation or other pattern
forming chemical processes.

In the activator-substrate model, the autocatalytic chemical species, the activator a, grows as a2,
with proportional consumption of the substrate s, a resource a needs in its autocatalysis. As a grows,
the substrate becomes depleted, thus suppressing the further growth of a. The ceasing growth of a
allows s to accumulate by diffusion from regions of higher concentration or a base production. Thus,
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Figure 1: (a) Oliva porphyria and (b) Lioconcha hieroglyphica show very similar patterns despite being two different
species. (c) The garden snails Cepea nemoralis usually have stripes perpendicular to the growing edge, but vary in number
and width of stripes.

the concentration of activator a can oscillate between active (high) and dormant (low) phases. These
processes are modeled by the following equations [5]:

∂a
∂t

= ρsa2∗ − µa + Da
∂2a
∂x2 (1a)

∂s
∂t

= −ρsa2∗ + σ− νh + Ds
∂2h
∂x2 (1b)

where Da, Ds are diffusion constants, ρ0, σ are base production rates, µ, ν are decay rates of
activator a, and substrate s, respectively; a2∗ = a2

1+κa2 is the nonlinear reaction with a saturation
constant κ. The constant ρ models each cell’s capacity to perform autocatalysis, which is subject to
small random fluctuations.

Similarly, in the activator-inhibitor model, the inhibitor h is a chemical species that is the side-
product of the autocatalysis of a. High volumes of a are accompanied by high levels of h, which in
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turn suppress the further production of a. As a reduces and h diffuses and decays away, a new cycle
of activation can occur. This is modeled by the following equation [5]:

∂a
∂t

=
ρ(a2∗ + ρ0)

h
− µa + Da

∂2a
∂x2 (2a)

∂h
∂t

= ρa2∗ + σ− νh + Dh
∂2h
∂x2 (2b)

In this section, we focus on the numerical methods applied to the activator-inhibitor model, but
similar methods can be applied to the activator-substrate model.

We observe that the reaction and diffusion processes can happen on different time scales.
Therefore, the numerical methods we use should be tailored to the characteristic time scales of the
specific system. Define the characteristic reaction time τR = 1

ρ̄ ac, where ac is the characteristic initial

concentration of a, and characteristic diffusion time τD = L2

D , where L is the system size [6]. When
τR ≥ τD, we can use the forward time and centered difference scheme. However, if τR � τD, we need
to use methods where the fast reaction is handled with higher order integration methods and smaller
time steps. We briefly discuss the numerical methods we implemented. In all the implementations,
we choose to use reflective boundary conditions because we assume the chemicals in the cells stay
within the biological tissue.

1. Forward time centered difference method

For a fast, basic solution, we apply the most straightforward PDE integration mehod,
using the forward Euler method in time, a first order method, and the centered difference
approximation for the Laplacian operator, a second order method. A necessary but not sufficient
condition for stability is that space and time discretization satisfy that ∆t ≤ ∆x2

2D . Since we
treat each cell as a pattern generating unit, it is natural to use spatial discretiztion of ∆x = 1.
We simulate the above equations with parameters provided in [5] (D ∼ 0.01 ) and ∆x = 1.
Applying forward time centered difference discretization (FTCD) to Eq. 2a, we have

at+∆t
j − at

j

∆t
=

ρ(ρ0 + at
j
2/(1 + κat

j
2
))

ht
j

− µat
j + Da

at
j−1 − 2at

j + at
j+1

∆x2

The discretization for Eq. 2b is similar. Since it is a fully explicit method, it is subject to
numerical instability. In addition, as we will see in a later subsection, this simple scheme may
not evolve toward the correct steady state solution.

To address this instability, one option is to use a backward time difference. However, for
nonlinear equations of system size N, this would involve simutaneously solving N nonliear
equations, making it more complicated and computationally costly with no gain in the order of
accuracy in time.
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2. Crank Nicolson Method and Explicit Nonlinear Reaction

Instead, to improve accuracy in time, we implement the Crank-Nicolson method (CN), by
combining half fully explicit and half fully implicit methods. For the linear terms in Eq. 2a

at+∆t
j − at

j

∆t
=

Da

2∆h2

(
at+∆t

j−1 − 2at+∆t
j + at+∆t

j+1 + at
j−1 − 2at

j + at
j+1

)
− µ

2
(at+∆t

j + at
j)(

(1 +
µ∆t

2
)I− Da∆t

2∆h2 D
)

at+∆t
j =

(Da∆t
2∆h2 D − µ∆t

2
I
)

at
j

where D, I are the centered difference and identitiy matrices, respectively. We treat the
nonlinear term explicitly [6],

(
(1 +

µ∆t
2

)I− Da∆t
2∆h2 D

)
at+∆t

j =
(Da∆t

2∆h2 D − µ∆t
2

I
)

at
j +

ρ(ρ0 + at
j
2/(1 + κat

j
2
))

ht
j

Due to the explicit nonlinear term, the resulting hybrid method is second-order accurate in
diffusion, and only first-order accurate in reaction. We will refer to this hybrid method as CN.

3. Operator Splitting Method

When τR � τD, it is more desirable to treat the fast components with higher order methods.
The operator splitting method (OS) is a good option in this case [6]. Consider our RD Eq. 2a in
the form of

∂a
∂t

= L1(a) + L2(a)

where L1(a) is the diffusion operator, and L2(a) is the reaction, including decay and nonlinear
growth. Note that after separating out the spatial derivative, ∂a

∂t = L2(a) is an ODE.

If only one of the operators exists on the RHS, we can solve for a on the next time step
using a suitable numerical scheme. Call these updates U1, U2 for L1,L2, respectively. Then in
the case where there is only one operator on the RHS,

at+∆t = U1(at, ∆t)

or at+∆t = U2(at, ∆t)

We use the Crank-Nicolson method to update L1:(
I− Da

2∆h2 D
)

at+∆t
j = (I +

Da

2∆h2 D
)

at
j

U1(at
j) ≡ at+∆t = (I− Da

2∆h2 D
)−1

(I +
Da

2∆h2 D
)

at
j
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Since diffusion is uncoupled for the chemicals a and h, it is straightforward to update ht
j. To

update L2, we can use the fourth order Runge Kutta method. We will work in the vector
notation ~uj

t = [at
j ht

j]
T since the ODEs are coupled. Let h ≡ ∆t, not to be confused with ht

j. The
operator L2 gives

L2(~uj
t) =

(
ρ(a2∗

j + ρ0)/ht
j − µat

j
ρ(a2∗

j + ρ0)− νht
j

)
Substitute this into the classical Runge Kutta (RK45) method:

~uj
t+∆t = ~uj

t +
h
6
(~k1 + 2~k2 + 2~k3 +~k4)

where ~k1 = L2(~uj
t)

~k2 = L2(~uj
t +

h
2
~k1)

~k3 = L2(~uj
t +

h
2
~k2)

~k4 = L2(~uj
t + h~k3)

To put it back together, we use half time step, sequential update detailed Grzybowsk in [6]:

Step (1) ~ut+∆t/2
j = U1(~ut

j, ∆t)

Step (2) ~ut+∆t
j = U2(~ut+∆t/2

j , ∆t)

4. Performance and some sample results

We briefly consider the performance of each method in comparison to its accuracy. The
forward in time centered difference scheme and the Crank-Nicolson method are implemented
in both Python and Matlab, while the operator splitting method is only implemented in Python.
All code used for the numerical method can be found in the zip file.

Using the tic toc method to measure performance in Matlab, we find that to simulate the
activator inhibitor method over a space of width 20 for 10,000 timesteps (∆x = 1, ∆t = 1) with
random fluctuations in ρ requires 0.4390 seconds. In contrast, to simulate the equation under
the same conditions using the Crank-Nicolson method requires 1.0287 seconds. This longer
time results from the computationally more expensive step of solving a linear system, where to
solve we use Matlab’s backslash operator. For the Python implementation, for width 100 and
total time 20,000, FTCD takes approximately 30 seconds, CN takes approximately 70 seconds,
and OS takes approximately 60 seconds. Despite the longer computational time, as we will see
in the discussion of the results below, the increased accuracy of CN and OS better captures the
system’s long term behavior.
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(a)
(b)

Figure 2: (a) Conus hirasei (b) From left to right, FTCD, CN, OS. We use parameters ρ = 0.05± 2.5%, µ = 0.01,
Da = 0.001, ρ0 = 6× 10−4, ν = 0.01, Dh = 0.04, σ = 0, κ = 0, initial conditions a0 = 2, b0 = 5, ∆t = 1, ∆x = 1,
Ttot = 8, 000, to generate patterns that are oscillations in space, but stable through time. Notice the discontinued lines
both on the shell and in the simulated stripes.

(a)
(b)

Figure 3: (a) Using the same parameters as in Fig. 2, except no random fluctuations in ρ, Ttot = 18, 000. FTCD (left)
does not converge to the same pattern. It looks like the pattern we will see next. CN (middle), OS (right) converge to the
familiar vertical stripes. (b) The time evolution of concentration of a in a single cell, for CN and OS, a cell at one of the
local maxima is chosen. After initial oscillations, CN and OS converge to a stable distribution where the concentration of
a is only a function of position. However, FTCD gives a solution that is uniform in space, but a function of time. The
maximum concentration of a becomes stable after a long time, T ≈ 2× 104.
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(a) (b)

Figure 4: (a) Amoria ellioti (b) From left to right, FTCD, CN, OS. We use parameters ρ = 0.05± 15%, µ = 0.05, Da = 0.1,
ρ0 = 0.02, ν = 0.03, Dh = 0.0, σ = 0.0037, κ = 0.0004, initial conditions a0 = 5, b0 = 0.1, ∆t = 0.1, ∆x = 1, to generate
patterns that are synchronized in space but oscillating in time. The patterns are stable since the maximum amplitude of
a does not increase over time.

To model the stripes that are perpendicular to the growing edge, such as those of Conus
hirasei, we need to generate patterns that are standing waves, consisting of stable peaks at
different locations on the growth edge (Fig. 2). Meinhardt and Klinger indicated that random
fluctuation in ρ “allows pattern formation in an initially homogenous cell population”[5]. We
found that without random fluctuations, the standing wave pattern also emerges, only after a
much longer time, at an onset time of tonset ≈ 6500, compared to tonset ≈ 2000 in the case with
random fluctuation in source density. Whether the equations converge to the expected pattern
in the steady state depends on the method used. The CN and OS methods converge to the
expected spatial oscillation, while FTCD converges to an oscillation in time (Fig. 3b).

The other fundamental pattern, the parallel stripes, can be observed in species such as
Amoria ellioti. These stripes can be generated if all the cells start and stop pigment production
in synchronization, which can also be modeled using the same equations with a different
set of parameters (Fig. 4). The relatively large diffusion constant Da plays a central role in
creating this synchronization. Notice the stripes on the Amoria ellioti are neither straight, nor
strictly parallel to one another. This effect can be achieved if Da is reduced to 0.005, so that
communication between cells by diffusion is not as strong, allowing the neighboring cells to
be out of phase in pigment production (Fig. 5). We explore the role of the parameters more
systematically in later sections.

The methods we implemented can be generalized to higher dimensions, with a little care
in handling the large matrices with sparse matrix operations. Using the more crude FTCD, we
simulate the model in 2D. Adult mollusks sometimes engulf parts of the shell and imprint
patterns on the shell, leaving a snapshot of a pattern in 2D. Palmadusta lentigiosa is one of the
species that generate patterns in such a way, which can be modeled well by Eq. 2 with yet
another set of parameters (Fig. 6).
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Figure 5: Using the same parameters as in Fig.4, except Da = 0.005. Left to Right, FTCD, CN, OS. Notice the irregularity
in the stripes on Amoria Ellioti is imitated here.

Figure 6: Left: Palmadusta lentigiosa Right: 2D FTCD. We use parameters ρ = 0.01± 2.5%, µ = 0.05, Da = 0.002, ρ0 = 0,
ν = 0.07, Dh = 0.2, σ = 0, κ = 0, initial conditions a0 = 10, b0 = 1.0, ∆t = 1, ∆x = 1, system size 100× 100.

3 Defining Patterns in a System

In the discussion of numerical methods, we showed that using certain parameter sets, the
concentrations of the activator and inhibitor may form vertical or horizontal stripes, or even spots.
We can visually detect these patterns, however, in order to better explore the regime under which
patterns form, we seek a method that allows patterns to be detected numerically rather than by
visual inspection. We propose that an effective method for doing so is Fourier analysis.

3.1 Defining Features of Patterns

Visually, we note patterns by the formation of stripes or spots. These stripes result in the same
strongly peaked waves when taking a temporal or spatial cross-section, depending on the orientation
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of the stripes, or both in the case of spots. Fig. 7b shows various temporal cross-sections of the
activator in the regime of horizontal stripes in Fig. 7a.

(a) (b)

Figure 7: (a) The development of pattern in the activator concentration, simulated with CN. (b) The concentration at
various times, as the pattern develops from constant initial conditions to a standing wave.

In Fig. 7a, we visually detect that the horizontal patterns begin around time=7000. Before that
time, the concentration at a given time point is constant and decaying. We note that, in this case,
we initialized the activator and inhibitor to be constant at time=0, and we will later explore pattern
development for different initial conditions. After about time=7000, the concentration at a particular
time is characterized by a periodic wave. The wave has the same waveform, amplitude, and period
for every point in time after the horizontal stripes begin, as is seen in Fig. 7b by comparing the
temporal cross-sections corresponding to time=8000 and time=10000. Thus, having stable spatial
stripes requires that the waveform at the end time of the simulation is the same as the waveform at
an earlier time in the simulation. In regimes where we know that stripe patterns form in space, this
allows us to define the onset time of a pattern. Using our discretization of space, we can compare
the relative error between waveforms at different times,

E =
‖~w(t)− ~w(tend)‖2
‖~w(tend)‖2

(3)

where ~w(t) is the vector of concentrations at the points in our spatial discretization at time t and tend
is the last time in the simulation. We can then say that the wave at time t conforms to the pattern for
E < Tol for some tolerance value Tol. The onset time can be defined by

tonset = argmint(E < Tol) (4)
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In the above example, tonset = 7591 for a tolerance of Tol = 0.1, tonset = 7666 for Tol = 0.05, and
tonset = 7982 for Tol = 0.01. In the case that a stable pattern does not form in time, we expect tonset to
be nearly equal to tend. We conclude that one condition for pattern formation is that tonset � tend.
However, we observe that this condition, while necessary, is not a sufficient condition for pattern
formation.

Figure 8: Cross-section of time oscillation patterns. Clearly, the concentration of a is approximately uniformly high or
low in the spatial dimension.

Under a different parameter set, we have demonstrated that the concentrations form stripes in
time rather than in space (Fig. 4b). Taking a temporal cross-section of this pattern (Fig. 8) leads
to curves of concentration that are approximately constant, oscillating in time, and forming no
spatial patterns. However, using the definition for onset time from Eq. 4, we have tonset = 1 for
Tol = 0.1, tonset = 1 for Tol = 0.05, and tonset = 2474 for Tol = 0.01, giving the false result of an
early onset pattern. This shows that an early onset time is not a sufficient condition for defining
a pattern. We must also require periodicity in some direction. Since we expect a characteristic
frequency corresponding to the periodicity. this naturally motivates the use of Discrete Fast Fourier
Transform as the primary tool for pattern detection.
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3.2 Fourier Transforms of Reaction Diffusion Equations

We want to show that the Fourier transform successfully identifies when patterns have formed.
In Fig. 9, we again show the activator concentration in Fig. 7a and this time the fast Fourier transform
at different times. The plot of the Fast Fourier transform, Fig. 9b, illustrates two properties. First, we
see that before the onset of the pattern, when the concentrations are largely constant, the Fourier
transform consists of a single peak at zero frequency and is zero at all other frequencies. We will
refer to a Fourier transform of this form as a trivial Fourier transform. Second, we see after the
onset time, the Fourier transform at all times has the same spectrum with nonzero spikes at certain
frequencies. This implies the convergence to a wave of certain characteristic frequencies.

(a) (b)

Figure 9: (a) Developing pattern in the concentration of the activator. (b) The Fourier transform of the wave at different
times.

We note several other useful features of using the Fourier transform to analyze these patterns.
First, the Fourier transform preserves the two norm and hence the relative error of ~w(t) and ~w(tend)
is the same as the relative error of F(~w(t)) and F(~w(tend)), so the onset time defined by the two
norm in Eq. 4, will be the same. Second, the Fourier transform gives us a method to compare
the resulting wave forms for different initial conditions and domains to determine whether the
stable frequencies are a characteristic of a parameter set or are dependent on the conditions of the
problem. This property results largely from a third important property; the dominant frequencies are
independent of the amplitude of the wave. The amplitude independence gives the Fourier transform
an advantage over other possible methods that we had considered for determining periodicity.
Finally, it has been shown that Fourier modes corresponding to the Fibonacci sequence dominate the
solution to reaction-diffusion equations in plants, explaining the characteristic Fibonacci spirals often
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observed in phyllotaxis, so analyzing the development of patterns using Fourier analysis allows for
the possibility of comparison to other natural patterns [1].

3.3 Algorithmic Pattern Detection

Having argued that the Fourier transform is a good choice of method to determine whether
systematic oscillations exist, we present an algorithm to detect horizontal or vertical stripes or a
pattern in both directions. For the purposes of our model, we consider a two dimensional rectangular
area, where the horizontal direction is time and the vertical direction is space.

1. Fourier transform the waveform at the final simulation time. Find the waveform ~w(tend),
and use a fast Fourier transform function to find the Fourier spectrum.

2. Check the Fourier spectrum for characteristic frequencies. Find the characteristic frequencies
of the Fourier spectrum by finding the frequencies with greatest values, significantly greater
than zero. If the only dominant frequency is the zero frequency, we say that the Fourier
spectrum is trivial.

3. If the Fourier spectrum is nontrivial, find the onset time. Compare the waveform at tend to
the waveforms at earlier times using Eq. 4.

4. Repeat steps 1-3 in the other dimension. In this case, we can define onset ”position,” as the
earliest spatial location where the relative error is less than the tolerance.

5. Conclude the orientation of the patterns in the system. If the Fourier transform at the final
time is nontrivial and the onset time occurs at a much earlier time point, we have stable
oscillations in space, corresponding to stripes parallel to the time axis after the onset time.
If the Fourier transform at the final time is trivial but the Fourier transform in the spatial
dimension is nontrivial and the onset position is the first spatial position, then we have stable
oscillations in time, corresponding to stripes parallel to the spatial axis. If the Fourier transform
is nontrivial in both dimensions, we have a bidirectional pattern, such as spots and patches.

4 Effects of Parameter Changes on Pattern Formation

We are interested in how changes in the patterns can be achieved by varying the parameters of
the RD models, and the range over which these parameters produce stripes in space. By changing
diffusion, production, and decay rates, we examine the frequency, onset time (Tol < 0.05), amplitude,
and orientation of the stripe patterns.
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Figure 10: Ranges of parameters that are able to generate spatial stripes, while keeping other parameters fixed at the
initial values.

We focus on the activator-substrate equation (Eq. 1). We choose initial values for these
parameters: ρ = 0.05, µ = 0.01, ρ0 = 0.0006, Da = 0.001, σ = 0, Ds = 0.04, κ = 0.0125, ν = 0.01 which
yield approximately 5 spatial stripes for L = 20. We then take the following steps:

1. Vary one parameter while keeping the others fixed.

2. Simulate the activator-substrate RD model and find the valid range, which is the parameter
subspace that yields the spatial stripes.

3. Redo the simulation near the boundary of the range with more sample points to better
determine the range outside of which spatial patterns vanish. The resulting ranges are shown
in Fig. 10.

4. Pick 4-6 points within the valid range and examine the correlation between the three features
and the parameter. Results are shown in Fig. 11.

4.1 Single parameter analysis

We analyze the range of each parameter within which spatial stripes can be generated (Fig.
10). The ranges for both decay rates are very small. Since decay rates are determined by chemical
reactions within the cell, we do not expect these ranges to be large. It is also worth noticing that the
ranges of the two diffusion constants do not overlap, which implies that the diffusion of the activator
and the substrate occur on different time scales. This finding supports the hypothesis that pattern
formation is induced by short-range activation and long-range inhibition.
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Figure 11: Dependence of spatial stripes pattern frequency, onset time, and amplitude on different parameters. The
simulation is for Eq. 1. t = 15000, L = 20. The color indicates whether the feature is positively (red) or negatively (blue)
correlated with the parameter. For each entry, the chart shows how the feature changes with this parameter.

In Fig. 11, we show how the pattern features change with the parameters. In particular, we
observe that there are two parameters that affect the features most significantly: the diffusion
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constants Da and Ds. Altering these parameters changes the dominant frequency while other
parameters have little impact. Diffusion constants represent how quickly the waves propagate.
For larger values, the peaks diffuse more rapidly, thus driving the system to lower frequency,
homogenous states.

We also notice that for onset time, the effect of Da and Ds is different. When the diffusion
constant Ds is large, the depletion of substrate happens later, which leads to later onset of spatial
stripes. The onset time is also sensitive to the decay rate ν. Both results suggest that onset time is
strongly dependent on the depletion of the substrate.

We find that the amplitude is largely independent of changes in the parameters.

4.2 Multiple parameter analysis

Figure 12: Diffusion constant Da and Ds jointly control the onset time of spatial stripes. Color represents the onset
time of the pattern.

So far we have examined how a single parameter can influence the pattern. Now we consider
the joint effects. We present two example analyses. Fig. 12 shows how the onset time of the spatial
stripes pattern changes as both diffusion constants vary. When Da grows larger, since the individual
effect of Da and Ds on the onset time is opposite, we need to increase Ds to maintain the same onset
time. In contrast, both the diffusion constant Da and the decay constant ν are positively correlated
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Figure 13: Another example of the parameters’ joint effect on onset time: diffusion constant Da and degradation rate ν.

with the onset time. To maintain the same onset as one increases, the other must decrease (Fig.
13).

Our analyses provide some insight into the stability of the patterns. Since fluctuations are
inevitable in biological processes, when one parameter is perturbed by the environment, other
parameters may change correspondingly to maintain the original pattern.

5 Effects of Initial Conditions on Pattern Formation

In our analysis, we have been interested in the long term behavior of systems governed by
reaction-diffusion equations. For the stability of the system, we expect that the long term behavior is
independent of the short term initial conditions. In this section, we analyze the dominant Fourier
frequencies of the endpoint pattern to show that this behavior is robust to the initial conditions as
the final waveform is dominated by same frequencies, independent of the initial conditions.

17



5.1 Constant Initial Conditions

In the majority of our analysis, we focus on starting the model with homogeneous concentrations
of the activator and inhibitor in space. We compare different starting constant values, and the effects
on pattern onset time (Tol = 0.01), resulting amplitude of the activator, and dominant frequencies,
summarizing the results in Table 1.

a0 h0 Onset Time Amplitude Dominant Frequencies
1 1 9315 2.8062 .72, .26
2 5 7982 2.9969 .24, .76
2 10 7820 2.9385 .76, .24
2 25 8691 2.8002 .74, .26, .48
5 5 9450 2.9778 .76, .24, .46
10 5 9965 2.9380 .76, .24, .5

Table 1: a0, h0 are initial concentrations of activator and inhibitor. The resulting patterns from different constant initial
conditions.

From these results, we see that the resulting characteristic frequencies are all approximately the
same, about .25, .75, and .5. We note that the slight deviations in the exact values of the frequencies
partially result from the coarse grained nature of finding a discrete Fourier transform. Due to the
limited number of sample points, we can only have a limited number of possible frequencies. Despite
the numerical fluctuations, we are able to see that the resulting pattern as defined by frequency is
similar regardless of the initial conditions, suggesting robustness in pattern formation.

Unlike having charactertistic frequencies, the other requirement we impose for a pattern, the
pattern onset time, is much more variable to the initial conditions. Since we have shown the final
pattern to be stable, we expect that initial conditions which are closer to the resulting pattern will
converge more quickly. In the final waveform, we see the amplitude of the activator is approximately
3 in all cases, and we do see that the cases where the initial concentration of activator is set to 2 have
an earlier onset time, supporting this hypothesis.

One result that is surprising is the relatively small changes in the amplitude despite the different
initial concentrations. We would expect that for larger initial concentrations, conservation of mass
would dictate larger amplitude waves, but this is not what is observed for either activator or
inhibitor.

5.2 Varied Initial Conditions

We now consider nonconstant initial conditions, again examining the effects on onset time,
amplitude, and dominant frequencies, which are documented in Table 2.
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a0 h0 Onset Time Amplitude Dominant Frequencies
1 : x ≤ 25, 2: x > 25 2 : x ≤ 25, 1: x > 25 3382 3.3298 .86, .14, .24, .76
1 : x ≤ 25, 2, x > 25 1 : x ≤ 25, 2: x > 25 3892 3.3014 .70, .30, .16, .84
x L− x 4722 3.3403 .88, .12, .24, .76
x x 4586 3.3412 .88, .12, .2, .8
sin(x) cos(x) 1212 2.9778 .84, .16, .68, .32
sin(x) sin(x) 1728 2.9380 .84, .16, .68, .32

Table 2: Resulting waveforms from initial conditions varying in space. In describing the initial conditions as a function
of position, x is the spatial coordinate and L is the system size.

As in the previous section, we see the emergence of frequencies at approximately .25 and .75,
although in same cases, these frequencies are now less significant than frequencies at .85 and .15,
which did not emerge for the constant conditions.

The result which is most significant from these sets of initial conditions is the dramatically faster
onset of the pattern. The variation in concentration in different regions of space allows the diffusion
process to take place more quickly. In the case where half of the array is initialized to a higher value
than the other half of the array, we see that the transition to a pattern occurs most quickly around
this transition point (Row 1, Table 2, Fig. 14a). A similar phenomenon is observed when the initial
conditions are set linearly (Row 4, Table 2, Fig. 14b). We see that a sine wave emulates the final
waveform of the activator, so the pattern arises very quickly in this case (Row 6, Table 2, Fig. 14c).

(a) (b) (c)

Figure 14: Generated with initial condition (a) a0 = 1, x ≤ 25; a0 = 2, x > 25; h0 = 2, x ≤ 25; h0 = 1, x > 25 (b)
a0 = h0 = x. (c) a0 = h0 = sin(x)

19



5.3 Noisy Initial Conditions

We now consider cases where the initial conditions are set randomly, subject to noise (Table
3). Observe that due to the noise in the initial conditions, the results are not the same across trials
for onset time and amplitude, as can be seen in the last two rows of Table 3. Under these noisy
conditions, the convergence to the pattern is again faster than in the constant condition. Fig. 15
shows the development of these patterns from noise. In particular, despite the overall convergence to
similar dominant Fourier frequencies, Fig. 15c shows that the resulting Fourier spectrum is much
noisier. These results for noisy conditions, along with the results of the previous sections, suggest
that the resulting wave form is largely independent of the initial conditions.

a0 b0 Onset Time Amplitude Dominant Frequencies
rand rand 2871 3.2388 .5, .76, .24
2+randn 2+randn 2023 3.3568 .28, .72
2+randn 5+randn 2186 3.1424 .42, .58
2+rand 5+rand 3436 3.3015 .72, .28, .44
2+rand 5+rand 1796 3.1676 .22, .78

Table 3: Resulting waveforms from noisy initial conditions. rand is a random number from drawn from the uniform
distribution on [0,1], and randn is a normal random variable drawn from the distribution with mean zero and variance 1.

(a) Pattern (b) Waveform (c) Fourier Transform

Figure 15: Spatial oscillation patterns arise from noisy initial conditions.

5.4 Switching Between Stripes

We noted previously that there are parameter sets which lead to stripes in space and other
parameter sets which lead to stripes in time. In the majority of the cases we have examined, for the
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(a) (b)

Figure 16: (a) Using spatial stripes as initial condition of spatial oscillation pattern. (b) Using spatial stripes as initial
condition of time oscillation pattern.

development of stripes in space, we see a transition from oscillations in time to oscillations in space,
and we asked what would happen if we initialized the set of parameters which gives a pattern in
time to the pattern for spatial stripes. In Fig. 16a , we first observe that if we initialize the parameter
set which gives oscillations in space with the wave form that results from oscillations in space, the
pattern onsets immediately, as expected for this stable state. When we use the spatial pattern to
initialize the time pattern parameter set, the spatial patterns are not maintained but quickly switch
to oscillations in time (Fig. 16b), further demonstrating that both spatial and temporal oscillations
are functions of the parameters, and independent of the initial conditions.

6 Effects of Domain on Pattern Formation

In the previous section, we demonstrated that the resulting pattern is independent of the
initial conditions. We now consider the effects of the domain shape on pattern formation to
determine whether resulting patterns depend solely on the parameters or also have dependence on
the domain.

6.1 Changing the Width of Rectangular Space

We first compare the resulting waveforms on rectangular domains of different spatial width.
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Width Onset Time Amplitude Dominant Frequencies
20 8174 2.771 .75, .25, .45, .55
50 9315 2.8062 .74, .26, .48, .52
100 9076 2.9202 .25, .75, .5
250 8766 2.8057 .5, .748, .252
500 8749 2.9202 .25, .75, .5

Table 4

From Table 4, we can see that independent of spatial width, the resulting waveform has the same
characteristic frequencies, centered around approximately .25, .75, and .5. In the previous section, we
showed that the resulting waveform is independent of the initial conditions and again, in Fig. 17b,
we see it is independent of the domain width, suggesting that the resulting pattern is dependent
only on the parameters for rectangular domains. In Fig. 17c, we also observe that because the
characteristic frequency is the same for larger domains, there are more periods of the pattern so
the discrete Fourier transform becomes sharper, showing the clear dominance of these frequencies.

(a) (b) (c)

Figure 17: Emergence of patterns on much wider rectangular domain.

6.2 Increasing Width in Time

We now consider a domain of increasing width in time, representing the growth of additional
cells. Before altering the domain width, we initialize the system with an existing waveform charac-
teristic of horizontal stripes on a line with initial width d. We first consider adding two cells to one
edge of the domain, initialized to the same value as the adjacent cell. The results are shown in Fig.
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(a) (b)

Figure 18: (a) Growing the domain with time by adding cells to the lower edge. (b) Growing the domain in time by
randomly inserting cells.

18a. The pattern stays stable in the rectangle extended from the original width, but changes in the
added portion.

We now consider a second scheme for the growth of additional cells. We randomly insert an
additional two cells into space, creating a widening domain (Fig. 18b). This approach results in a
continued pattern of stripes. However, due to the insertion of cells and the resulting shift of the
remainder of the domain, we see a spiraling pattern of stripes begin to emerge.

6.3 Bounded Domains

In the examples above, we considered domains which extend infinitely in time and are only
bounded in the spatial direction. The reflective boundary conditions make the choice of boundary
significant. We have shown that considering diffusion in two dimensions on a bounded domain
can produce different patterns such as spots (Fig. 6). Other work has shown that the size of the
domain influences the patterns which are produced inside it; the length of the trapezoid used to
simulate a cat’s tail determines whether a tail is striped or spotted [2]. Higher dimension domains
are interesting because some shells grow in a circular shape or create relief-like (3D) patterns.
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7 Effects of Noisy Parameters

In addition to ρ, other parameters used in Eq. 2 may also be subject to random fluctuations and
sudden changes. For example, the decay constants µ and ν reflect the rates at which the substances
are metabolized by the cells, and the metabolic rates may fluctuate around average values. In some
situations, diffusion of certain chemicals may be prevented by the formation of cell membranes
or cell walls. Hence, Da or Dh could be suddenly set to zero. In this section we will explore the
effects these changes have on the perpendicular and parallel lines patterns. In addition, we test
the robustness of the model by inspecting the patterns created with noisy parameters. For these
numerical experiments, we use the CN method. Since the saturation constant κ is small in the two
patterns we are testing, the effects of its random fluctuation are negligible.

1. Source density ρ

In the numerical methods section, we briefly showed that random fluctuations in the
source density ρ could reduce the time needed to converge to the steady state solution. By
increasing the fluctuation in ρ while keeping the other parameters the same, we generated lines
perpendicular to the growing edge (Fig. 19). Fluctuations in source density do not prevent
patterns from forming in this case. Moreover, adding noise consistently reduces the time
needed to converge to the steady state. In the case where lines are parallel to the growing
edge, the pattern also persists at all levels of added noise, though the irregularity of the lines
increases with increasing noise (Fig. 20).

2. Base production ρ0, σ

The base production of the activator and the inhibitor may also fluctuate due to cell’s
individual metabolic rates. To model this, we add noise to the base production constants, ρ0
and σ. In the case of perpendicular lines, adding noise to ρ0 has a similar effect as adding
noise to the source density ρ. However, since ρ0 is a constant, fluctuation in ρ0 does not have as
significant of an impact as that in ρ which is amplified by the nonlinear autocatalytic term (Fig.
21). In contrast, adding noise to σ does not appear to perturb the patterns at all (Fig. 22). For
parallel lines, the effects of varying base production parameters are similar to that of varying
source density (hence, the figures are omitted).

3. Decay constants µ, ν

Next, we experiment with fluctuation in the decay constants µ and ν (Fig. 23, Fig. 24).
We observe that in perpendicular line patterns, for both µ and ν, the spacing between the
lines become much more irregular. By adding more noise to µ, we increase the number of
discontinued lines. This could be due to the suppressing effect of an existing maximum. A
maximum in the activator produces a large amount of the inhibitor, which diffuses quickly and
suppresses the formation of a new maximum near the old. With a large fluctuation in the decay
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constant, some regions could have high activator concentration that persists, thus suppressing
maxima nearby. Similarly, adding noise to ν produces fewer lines as fluctuation levels increase.

In the parallel lines pattern, perturbing µ (Fig. 25) leads to stripes with irregular width, as
expected since low values of µ lead to prolonged activation in a certain area due to a low decay
constant. The patterns formed by adding noise to ν display similar behavior at low fluctuations.
However, at ∼ ±60% fluctuation, the demarcation between stripes becomes blurry, and the
stripe pattern ceases to be the dominant feature (Fig. 26).

4. Terminating Da, Dh

As mentioned before, the diffusion of the activator and the inhibitor could be terminated if
cells develop a membrane that blocks these chemicals. Instead of adding noise to the diffusion
constant, which is often determined by the chemical species and the physical environment, we
artificially stop diffusion at various time points, and observe how the timing of the termination
affects the resulting pattern.

As shown in Fig. 27, in the perpendicular stripes pattern, terminating diffusion early
in the process does not prevent the formation of perpendicular stripes. However, it does
reduce the number of stripes when the system reaches steady state. Diffusion of the inhibiting
substance seems to be more significant in this case (Fig. 28). Stopping it at an early time leads
to the absence of perpendicular stripes, and instead, we have parallel stripes throughout time.
However, as the stopping time becomes later than the pattern onset time, we have a short
period of time with some perpendicular stripes, but only until the inhibitor diffusion is shut
off. This is expected because in creating parallel stripes, we set the diffusion of the inhibitor to
be zero so that a high activator diffusion constant leads to synchronization. Hence, when we
eliminate the activator diffusion at different times in the parallel stripes system, the straight,
cohesive lines become more jagged and out of phase after the shut off point (Fig. 29).

8 Conclusion

We had three main goals in this project. First, we aimed to simulate the RD equations with high
order accuracy. Second, we wanted to develop a method to automatically detect a pattern. Third,
we strove to thoroughly the explore effects of varying the parameters and initial conditions on the
formation of patterns in a system.

We implemented three numerical methods, FTCD, CN, and OS and compared the results. While
the different behavior given by FTCD and CN can be explained by the different orders of accuracy of
these methods, when we compare CN and OS results, we are still puzzled by some of the differences
making it unclear which method should be chosen as the benchmark. For example, in the parallel
lines pattern, OS generates waves that have earlier onset time than those generated by CN; and in
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the perpendicular lines pattern, OS data has not only earlier onset time, but also different maxima
locations from that produced by CN. Hence, refining the numerical methods would be essential for
any future work.

We used the Discrete Fast Fourier Transform (DFFT) as the main tool to detect patterns, defining
an algorithm that can detect vertical and horizontal stripes. There are two limitations to this approach.
First, the accuracy of DFFT depends on the sample size. In a system where there are few stripes
(consider just one dominant stripe), the result of DFFT could be inconclusive. More importantly,
the RD equations can generate patterns that are much more complex than just simple, periodic
stripes or patches. To recognize more complex varieties, we would need to improve the robustness of
our current pattern finding algorithm, and potentially employ techniques besides DFFT. Using this
method, we were able to show that the dominant frequencies are dependent only on the parameters
of the system, independent of the initial conditions or domain shape.

In exploring the parameter space, we performed experiments, where we varied only one
parameter at a time while keeping the others fixed. We found ranges for each parameter within
which spatial stripes form and identified key parameters that affect the frequency of spatial stripes.
We also showed that pattern formation is largely robust to stochastic variations within the parameters
range. In addition, we briefly examined how varying two parameters jointly may impact onset
time. However, it is possible that combinations of variations could lead to other interesting results.
Our initial results give insight into the role of each parameter, thus informing synergetic parameter
combinations which should be examined in future work.

The main focus of our project was in the dimensions of time and a single spatial dimension.
However, many patterns on shells, and other natural patterns, are generated in higher dimensions.
We were able to reproduce only a subset of some of the exciting possibilities, such as the dot pattern
that is akin to Palmadusta lentgiosa. By increasing the diffusion constant of the activator, which in
1D increases the reach of the local maxima, we were able to generate one of the iconic ”Turing
patterns” (Fig. 30). Meinhardt, in Algorithmic Beauty of Sea Shells, also details some fascinating work
on generating 3D spikes, ridges, and grooves on shells. Looking into higher dimension patterns
would be a natural next step for this project.
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Figure 19: Noisy source density consistently converges to the stripe patterns faster than that with homogenous source
density (0% fluctuation). T = 15, 000, L = 50.

Figure 20: Increasing fluctuation percentage in source density from 0% to 100% does not appear to prevent patterns
from forming. However, the stripes beome more irregular as fluctuation level increases. T = 2, 000, L = 50.
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Figure 21: Adding noise to the base production of the activator helps the system converge faster to the steady state
pattern. T = 15, 000, L = 100.

Figure 22: Variations in the base production of the inhibitor do not play a significant role in changing the system
behavior. T = 15, 000, L = 100.
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Figure 23: Adding noise to µ leads to stripe spacing beome more irregular, and increasing number of discontinued
lines. T = 15, 000, L = 100.

Figure 24: Adding noise to ν does not appear to prevent patterns from forming. However, the stripe spacing becomes
more irregular as fluctuation level increases. The number of lines decreases, however, most of the missing lines terminate
early, or are never developed, rather than discontinuing at a later time. T = 15, 000, L = 100.
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Figure 25: Adding noise to µ does not appear to prevent patterns from forming. However, the stripe width and shape
become more irregular as fluctuation level increases. The irregularities are propagated, which can be observed in some
shells as well. T = 2, 000, L = 50.

Figure 26: At noise level < ±35%, adding noise to ν seems to impact the system in a similar way to adding noise
to µ, where perturbed system shows irreguar stripe shapes. However, as noise level increases, the stripes start to
become connected. At high level of fluctuation (> ±80%), stripes are no longer a dominant feature of the system.
T = 2, 000, L = 50.
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Figure 27: Turning off the diffusion of the activator at early times reduces the total number of stripes. However,
if the diffusion is turned off after the pattern onset time, the number of stripes remains the same as the orignal.
T = 15, 000, L = 50.

Figure 28: Turning off the diffusion of the inhibitor changes the perpendicular stripes to parallel ones after the shut off
time, regardless whether there are existing perpendicular stripes. T = 2, 000, L = 50.
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Figure 29: Eliminating the activator diffusion causes the system to lose synchronization, hence the lines are not straight
but jagged after the shut off point.T = 2, 000, L = 50.

Figure 30: An iconic turning pattern, with FTCD in 2D. System size 100× 100.
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